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THE EXISTENCE OF d-POLYTOPES WHOSE 
FACETS H A V E  PRESCRIBED AREAS 

BY 

D. G. L A R M A N  

A B S T R A C T  

Three positive numbers a(1), a(2), a(3) are the lengths of the sides of some 
triangle if, and only if, a(i~)+ a( i2)< a(i3) for each permutation i~, i2, i3 of 
1,2,3. Here  we extend this result to the areas of facets of d-polytopes. 

Introduction 

Let P be a d-polytope  with n + 1 facets of areas A I , . . . , A , . 1  respectively. 

Then,  by projecting P onto the hyperplane spanned by the ith face, 

n + l  

2A,  < ~ Aj,  for i = l , - . . , n + l .  
i=1 

G. Purdy [2] has asked whether  or not the converse holds, i.e., if A1,- �9 ", An.l  are 

positive numbers  with 

n + l  

2 A ~ < ~  Aj, for i = l , - " , n + l ,  
j=l 

does there exist in each E d, 2 =< d =< n, a d-polytope  P with n + 1 facets of areas 

A1," �9 ", An.~ respectively? The purpose of this note is to prove that this is true. 

�9 . ~ ~ n + l  THEOREM. Suppose A1, " ,A,+I are positive numbers  with 2A~ ,-j=l At,  

i = 1, �9 �9 n + 1. Then  in any  E d, 2 <= d <- n, there exists a d-poly tope P with n + 1 

facets  F I , . . . , F n + I  such that the d - 1  d imens ional  area o f  F~ is A,,  i =  

1 , - . . , n + l .  

LEMMA (Minkowski [1]). Le t  a ~ , . . . , a n §  be non-zero  vectors, whose direc- 

tions are distinct, which span E d and  suppose al + �9 �9 �9 + an§ = O. Then  there exists 

a d-poly tope  P in E d with n + 1 facets  FI," �9 Fn+I such that a,/I a, [ is the outward 
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normal to F~ and l a~l is the d - 1  dimensional area of F~, i = l , . . . , n  + l. 

Conversely, if P is a d-polytope in E d with facets F~, . �9 F.+I and outward normals 
u , , " . , u , §  then IF, lu, , . . . , lF,§247 span E d and 

l F l l U l A r  " " "-[- l f n + l l U n + l  = O ,  

PROOF OF THE THEOREM. If d = 2 then k can be chosen, I < k _-< n so that 

A t +  .. "+ Ak-1< Ak+1+ . ." + A.§ 

A 1 + ' " + A k  > A k + I + ' " + A , + 1 .  

Consider a triangle with sides of length Ak, A1 + " "  + Ak-1, Ak§ + ' ' '  + A,+~ 

respectively. By breaking the sides (outwards) at the required points, the 

required example is obtained. 

So it may be supposed that d ~ 3 and we may suppose that A1 =< A 2 =  < ' ' .  - 

A,§ We assert that there exist unit vectors u , , . - . , u , ;  v , , . . . , v ,  in general 

position such that 

(2) ~-,~ A~vjI<A,§ 

Since E7-I A~ > A.§ (I) is established by slightly perturbing each term of the 

vector A~u + �9 �9 �9 + A.u for some unit vector u and (2) is established by slightly 

perturbing each term of A . u - A . _ ~ u + . - . + ( - l ) " §  for some unit 

vector u. 

On the sphere $.,-1 we choose paths P~ between u~ and v~ which do not pass 

through u~, v~, j ~  i. If z~ is a point on P, consider the vector 

i I 

w(z , )=  a,z,  + E a,u,  + ~ a,v,. 
i - I  i f f i i + l  

In view of (1), (2), I w(ul) l  < A,§ I w(u.)[  > A,§ Consequently there exists i 

and z* such that 

I w(z  :)1 = A.§ 

Some difficulty arises in ensuring that the vectors - w ( z * ) ,  A,z*,, 

A,u,, . . . ,A~_~u,_,,  A~§247 are distinct and span E d. This may be 

ensured by arranging that w(z~) is never antipodal to any of u ~ , . . . , u , ;  

v ~ , . . . , v , ;  z, or, if n = d, that Iw(z,)l~Ad§ when z, is in the d -  1 subspace 
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l in{ul ,  �9 �9 u~-l, v~§ �9 �9 vd}. T o  a r r ange  this we sl ightly dev ia t e  f rom the  pa th  P~ 

if necessary .  

Then ,  using the  vec to rs  - w ( z * ) ,  A~z *, A l u m , . . . ,  A~_~u~_~, A~§ " ., A , v ,  

in the  l e m m a  c o m p l e t e s  the  p r o o f  of the  t h e o r e m .  
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